YANGIANS AND QUANTUM LOOP ALGEBRAS 



SACHIN GAUTAM AND VALERIC TOLEDANO LAREDO 

Abstract. Let g be a complex, semisimple Lie algebra. Drinfeld showed that 
the quantum loop algebra Uh{Lg) of g degenerates to the Yangian Yh{g). We 
strengthen this result by constructing an explicit algebra homomorphism $ from 
Uh{Lg) to the completion of Yh{Q) with respect to its grading. We show moreover 
that $ becomes an isomorphism when Uh{LQ) is completed with respect to its 
evaluation ideal. We construct a similar homomorphism for g = g[„ and show that 
it intertwines the geometric actions of the corresponding quantum loop algebra 
and Yangian on the equivariant /•f -theory and homology of the variety of n-step 
flags in C*. 
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1. Introduction 

1.1. The present paper is motivated by, and lays the groundwork for a proof of 
the trigonometric monodromy conjecture formulated by the second author in |21j . 
Let be a complex, semisimple Lie algebra, G the corresponding connected and 
simply-connected Lie group, H C G a maximal torus and W the corresponding 
Weyl group. In [21] a flat, VF-equivariant connection Vc was constructed on H 
which has logarithmic singularities on the root subtori of H and values in any finite- 
dimensional representation of the Yangian Yh^q). By analogy with the description of 
the monodromy of the Casimir rational connection of g obtained in [191 120j . it was 
conjectured in [21] that the monodromy of the trigonometric Casimir connection Vc 
is described by the action of the affine braid group of q arising from the quantum 
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Weyl group operators of the quantum loop algebra Ufi{LQ). This naturally raises 
the problem of relating finite-dimensional representations of 1^(0) and Uh{Lg). 

1.2. Since their construction by V. Drinfeld [5l|6], these quantum groups have been 
extensively studied from several perspectives (see, e.g., [31 chap. 12] and references 
therein) and are widely believed to share the same finite-dimensional representation 
theory. This belief is corroborated in part by the following facts 

(1) The quantum loop algebra UfiiLg) degenerates to the Yangian Yfi{Q) [6| [TT]. 

(2) Finite-dimensional simple modules over Un{LQ) are parametrised by I-tuples 
of polynomials satisfying -Pi(O) = 1, where I is the set of vertices 
of the Dynkin diagram of g [2] . Similarly, finite-dimensional simple modules 
over Y?i(g) are classified by I-tuples of monic polynomials [7l[l]. 

(3) If Q is simply-laced, there exists, for every w G N^, a Steinberg type variety 
Z(w) endowed with an action of GL{w) x (here GL{w) = Yliei^^^i^ 
and algebra homomorphisms 

^f/:^7,(L0)^K^^(-)xC'^(Z(w)) 

: y,(5) ^ (Z(w)) 

The variety Z(w) and the homomorphism ^jj were constructed by H. Naka- 
jima [T7] while was constructed by M. Varagnolo |22j . 

1.3. The above results go some way towards relating the categories of finite- 
dimensional representations of [/^(Lg) and Yii{q). For example, exponentiating the 
roots of Drinfeld polynomials yields, via ([2]), a surjective map exp* between the set 
of isomorphism classes of finite-dimensional modules of Yji{q) and those of Ufi{Lg)- 
modules. Moreover, as pointed out in [22], the geometric realisations imply that 
exp* preserves the characters of these finite-dimensional representations under the 
action of the torus H. 

Despite the above results however, and to the best of our knowledge, no natural 
relation between the categories of finite-dimensional representations of U!i{Lq) and 
Yii{q) is known. Part of the difficulty in exploiting the geometric realisations ([3|) to 
pursue this question lies in the fact that, as pointed out in |17] . the homomorphisms 
^Uj^y are neither injective nor surjective. Moreover, although these realisations 
yield all irreducible representations, the categories Repfj(C/s(Lg)) and Repfj(Y?j(0)) 
are not semisimple. 

1.4. The aim of the present paper is to construct an algebra homomorphism 

$ : Un{LQ) Ynis) 

where Yfi{g) is the completion of Yri{Q) with respect to its N-grading. The study of 
the corresponding pull-back functor 

F = <^>*: Rep,,(n(0)) ^ Rep,,iUn{Lg)) 

will be carried out in the sequel to this paper [9]. 
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In more detail, recall that Uh^Lq) and Y^^q) are deformations of the enveloping 
algebras U{g[z, z~^]) and C/(0[s]) respectively, and denote by 

Unim, UniLb±) C Un{LQ) and y,,(f)), Yn{b±) C ^^(0) 

the subalgebras deforming U{\:}[z, z~^]), U{b±[z, z~^]) and C/(f)[s]), ?7(b-i-[s]) respec- 
tively, where f) C is the Lie algebra of H and b± G Q are the opposite Borel 
subalgebras corresponding to a choice {ajjigi of simple roots of g. For any i £ I, 
let C be the corresponding 3-dimensional subalgebra and denote by 

UniLsli) C Un{LQ) and Ynisli) C ^(g) 

the subalgebras which deform ?7(s[|[z, z"^]) and ?7(s[2[s]) respectively. Then, the 
main result of this paper is the following 

Theorem. There exists an explicit algebra homomorphism $ : Ufi{LQ) — t- Yh^q) with 
the following properties 

(1) <I> is defined overQ[[h]]. 

(2) <I> induces an isomorphism C/fj(Lg) — t- Y?!,(g), where Uh^Lq) is the completion 
of Uji^Lq) with respect to the ideal of z = 1. 

(3) $ induces Drinfeld's degeneration of Uh^Lq) to Yii{q). 

(4) ^ restricts to a homomorphism Un{Ll)) — Yti{i)) which induces the exponen- 
tiation of roots on Drinfeld polynomials. 

(5) <I> restricts to a homomorphism Uri{Lb±) — t- Y}i,{b±). 

(6) <I> restricts to a homomorphism {/^{Lsl^) — Yfi{sl\) for any i £l. 

1.5. The homomorphism <I> has the following form. Let {Ei^r, Fi^r, Hi^r}i£i,r£Z be 
the loop generators of Ur,{LQ) and {xf^., Ci,r}iei,r6N those of Yfi{Q) (see [7] and Section 
[2] for definitions). Then, 





Oi — a- k\ 

^» k>0 




— ^^t \^ + + 

m>0 




m>0 



In the formulae above, q = e'*/^ and qi = q^\ where the di are the symmetrising 
integers for the Cartan matrix of g. The {ii,r}iGi,reN are an alternative set of 
generators of the commutative subalgebra Y;i{[}) C Irt(g) generated by the elements 
{■^i.rjiei.rsN- They are defined in |l3] by equating the generating functions 

hY,ti,rU-'-' = log(l + hY,Ci,rU-'-') 
r>0 r>Q 
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The elements {(jj ^jjgi^meN lie in the completion of and are constructed as 

follows. Consider the formal power series 



and define 7i(w) G Y^[v] by 



r>0 

Then, 



1/2 



m>0 V9r-9i / V ^ / 

Finally, 0"^^ are the homomorphisms of the subalgebras Yfi{b±) C Yji{q) generated 
by {Ci,r) 2^^j.}j6l>»'6N) which fix the ^,j^r and act on the remaining generators as the 
shifts x^^xf^^^s^^. 

1.6. We also construct a similar homomorphism for g = g[„ by relying on the 
geometric realisation of Uh{LQ\^) obtained by V. Ginzburg and E. Vasserot [TOl [23]. 
More precisely, fix a positive integer d G N and let F be the variety of n-step flags 
in C^, 

J- = {0 = ^ Vi C . . . C K = C^} 

The cotangent bundle T*T may be realised as 

T*F = {{V„x) eTx End(C'^)| x{Vi) C Vi-i} 

and therefore admits a morphism T* J-" — ?• A/" via the second projection, where M = 
{x £ End(C'^)| x"- = 0} is the cone of n-step nilpotent endomorphisms. Deflne the 
Steinberg variety Z = T*F Xj\f T*F. The group GL^ x acts on T*F and Z and 
there are surjective algebra homomorphisms 

see [I01E3] for the definition of ^u- 

To understand these more explicitly, one can use the convolution actions of 
^GLdXCX(^) on i^GLdXC>^ (2^*^) Qf ^GLdXCX(^) H^^'^''^'' {T* F), which 

are faithful. By using the equivariant Chern character, we construct an algebra 
homomorphism 

which intertwines these two actions. 

1.7. In the sequel to this paper [9], we shall prove that the pull-back functor 
F = $* converges for numerical values of h and therefore defines a functor 

Fa = ^* : Rev.AYaQ) ^ Repf,([/,(L0)) 

where YaQ is the specialisation of Y/j(0) at /i = a G C \ 27riQ and e = exp(a/2) [9]. 
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1.8. Outline of the paper. In Section O we review the definition of the quan- 
tum loop algebra Uh{Lg) and Yangian Yn{g) of a semisimple Lie algebra g. We 
also introduce shift homomorphisms of the subalgebras Y^(b±) and straightening 
homomorphisms of the subalgebra 

In Section[3l we consider assignments mapping the generators of Uh{LQ) to Yfi^Q). 
These have the form described in 11.51 but where the elements gf^^ G ^rt(fl) are 
not necessarily given by (jl.l|) . Our main result, Theorem 13.31 gives necessary and 
sufficient conditions for these elements to give rise to an algebra homomorphism. 
We call such homomorphisms of geometric type since, for q simply-laced, they are 
related to the Chern character in the geometric realisation described in ll.2l 

The proof that the elements given by (jl.ip satisfy the conditions of Theorem 
13.31 and therefore give rise to an algebra homomorphism <I>, is given in Section 
m (Theorem 14. 6p . We also prove that the action of $ on Drinfeld polynomials 
exponentiates their roots (Corollary I4.3p . 

In Section [U we prove the essential uniqueness of homomorphisms of geometric 
type by showing that any two differ by conjugation by an element of the torus H 
and an invertible element of Yri(f)) (Theorem IS.lip . 

In Section [6l we show that any homomorphism of geometric type <I> induces an 

isomorphism C/fj(Lg) — t- Y}-i{q), where Uri{LQ) is the completion with respect to the 
ideal of z = 1 (Theorem I6.2p . We show moreover that the associated graded map 
coincides with Drinfeld's degeneration of Un.{LQ) to Yfi{Q) (Proposition I6.5p . 

Section [7] contains similar results for q = In addition to constructing an 

explicit homomorphism $ : C/;j(Lg[„) — )• Ys.(5ln) (Theorem 17. 6p . we review the geo- 
metric realisations of these algebras and show that $ intertwines them (Theorem 

mo]) . 

Appendix El contains a proof of the Serre relations which is required to complete 
the proof of Theorem 13.31 

1.9. Acknowledgments. We are very grateful to Ian Grojnowski from whom we 
learned that the quantum loop algebra and Yangian should be isomorphic after ap- 
propriate completions. His explanations and friendly insistence helped us overcome 
our initial doubts. We are also grateful to V. Drinfeld for showing us a proof that 
finite-dimensional representations separate elements of the Yangian and allowing us 
to reproduce it in Appendix [Al We would also like to thank N. Guay for sharing a 
preliminary version of his preprint [H] and E. Vasserot for useful discussions. 

2. Quantum loop algebras and Yangians 

2.1. Let be a complex, semisimple Lie algebra and (•, •) a non-degenerate, invari- 
ant bilinear form on q. Let f) C be a Cartan subalgebra of g, {aijjgi C f)* a basis 
of simple roots of q relative to f) and a,.,- = 2(aj, aj)/(aj, Oj) the entries of the corre- 
sponding Cartan matrix A. Set di = (a^, ai)/2, so that diUij = djaji for any i,j £ I. 
Let : f) — 7- f)* be the isomorphism determined by the inner product (•,•) and set 
hi = v^^{ai) / di. Choose root vectors € Qai^fi £ B-a, such that [ei,fi] = hi. 
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Recall that g is presented on generators {cj, fi, hi} subject to the relations 

[hi, hj] = 

[hi,6j] — OiijCj [hi, fj'\ — ^ijfj 

[^i 1 fj] — ^ij 

for any i,j El and, for any i ^ j £l 



ad(ei 



'-e, =0 



ad(/0^-"-7, =0 

A closely related, but slightly less standard presentation may be obtained by 
setting ti = z^~^(aj) = dihi and choosing, for any i € I, root vectors xf € Q±ai such 
that = ti. Then g is presented on {xf,ti}i£i subject to the relations 

[ti,tj]=0 

[^2! ] — '^didijX j 

[x'l ,Xj ] = 5ijti 
ad (a; 



,±^l-a,,3.± =0 



2.2. Throughout this paper, q and h are formal variables related by = e^. For 
any i S I, we set qi = q'^' = e^'^^/'^. We use the standard notation for Gaussian 
integers 



n 



[n],l = [nUn-l]g- ■■[!], 



n 
k 



\n 



[kW-[n-k]gl 



2.3. The quantum loop algebra. Let U^^Lq) be the algebra over C[[/i]] topologi- 
cally generated by elements {Eij^, Fi^^, Hi k}i^i k^i subject to the following relations 
(QLl) For i,j G I and r, s G Z 

[Hi^r, Hj^s] = 

(QL2) For any and € Z, 

[Hifl,Ej^k\ = o-ijEj^k 
(QL3) For any and r G Z^ , 

\ra 



[Hifi,Fj^k] — —O'ijEj^k 



[Hi^rj Ej^ 



i.k 



Ej^r+k [Hi^rjEj^k] 



\ra 



'ijiQi TP 



(QL4) For i, j G I and A;, / G Z 

Ei^k+iEj^l — q'^'^ EjjEi^k+i = Qi'^ Ei^kEj^i+i - Eji^iEi^k 



E^ 



"j,l'fi,k+l — 



^i,k^j,l+l — ^j,l+l-fi,k 



YANGIANS AND QUANTUM LOOP ALGEBRAS 

(QL5) For i,j £l and k,l£Z 

[i^i,k, i' — Oij 3-j 

(QL6) Let i ^ j £l and set m = 1 — Uij. For every ki, . . . ,km £ ^ and / G 

E E(-i) 



Te6m S = 



m 
s 



*i''7r{l) *i'<-7r{a) Ji' *i''^7r{s + l) *i''^7r{m) 



E E(-i)' 



7re6m s=0 



m 
s 



where the elements tpi^r, 4'i,r are defined by 



i^ii^) = X] i^i^rZ = exp f ^Hi^oj exp I (qi-qi^)'^ Hi^^z " j 

r>0 ^ ^ \ s>l / 



r>0 



hd 



Mz) = ^ (t>i-rz'' = exp ( — T^Hifi j exp -(gj - g. ^) ^ Hi^ 



s>l 



with ^/'j^-fc = (pi^k = for every k > 1. 

We shall denote by C Ui\{Lq) the commutative subalgebra generated by the 
elements {i?i,r}iei,rez- 



2.4. The Yangian. Let Yfi.{g) be the C[?i]-algebra generated by elements {x-^,^i^r}iei, 
subject to the following relations 
(Yl) For any i,j £ I and r, s G N 

(Y2) For i,j G I and s G N 

(Y3) For i, j G I and r, s G N 

(Y4) For i, j G I and r, s G N 

[I _|_ 1 p _|_ _|_ - CL'i jf^ ^ _L. _|_ _|_ I 

(Y5) For i, j G I and r, s G N 

(Y6) Let i / j G I and set m = 1 — Oj j . For any ri , • • • , G N and s G N 



'■-(2)' 







Y^lfl) is an N~graded algebra by deg(^j^r-) = deg(x^^) = r and deg(?i) = 1. 
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2.5. PBW theorem for Y;i{q). For any positive root /3 of g, choose a sequence of 
simple roots , . . . , Oi^ such that /3 = Ojj + • • • + aj^. and 



are non-zero vectors. For any r G N, define x^^ £ ^(fl) by choosing a partition 



r = ri + • • • + Tfc of length k and setting 

Theorem ([H]). Fix a total order on the set Q = {Ci.D 2;^r}*ei,reN,/3es+ • F/ien, i/ie 
ordered monomials in the elements of Q form a basis 0/1^(0). 

Let Y^,Y^ C Yf-iig) be the subalgebras generated by the elements {■?j,r}j6i,r6N 
(resp. {a;^j,}iei,reN) and Y-^,Y-^ C Y}i{q) the subalgebras generated by Y^,Y~^ 
and y'^jY" respectively. The following is a direct consequence of Theorem 12.51 

Corollary. 

(1) Y^ is a polynomial algebra in the generators {Ci,r}iel,reN- 

(2) Y^ is the algebra generated by elements {xfj.}i^i^r£N subject to the relations 
(Y4) and (Y6). 

(3) Y-^ (resp. Y-'^) is the algebra generated by elements {^j^,., xf^jigi^r-eN sub- 
ject to the relations (Y1)-(Y4) and (Y6). 

(4) Multiplication induces an isomorphism of vector spaces 

y-<g)yo<g)y+^ Yr,(0) 

2.6. The shift operators af. Fix i G I. By Corollarv 12.51 (3). the assignment 

extends to an algebra homomorphism Y-^ — )■ Y-^ (resp. Y-^ — )• Y-^) which we 
shall denote by af. 

2.7. The relations (Y2)— (Y3). We rewrite below the defining relations (Y2)- 
(Y3) of Yrj(fl) in terms of the shift operators cj^ and the generating series 



e.(n) = 1 + hY,i.,rU-'-^ G YrM[n-^]] (2.1) 



r>0 

Lemma. The relations (Y2)-(Y3) are equivalent to 
where the right-hand side is expanded in powers of . 
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Proof. Set a = ±hdiaij/2. Multiplying (Y3) by hu~^~^ and summing over r > 
yields 

u[^i{u) - 1 - hu^^^ifi,xfj - - = o^i^ts^^ii'^) - 1} 

where {x,^} = + ^x. Using (Y2) and {a;,^} = [x,^] + 2^x, yields 

(u - af + am{u),xfj = 2a^,iu)x% (2.2) 

as claimed. Conversely, taking the coefficients of and u~^^^ in (|2.2p yields (Y2) 
and (Y3) respectively. □ 

2.8. The relations (Y4) and (Y6). We shall use the following notation 

• for an operator T € End(y), T(j) G End(y®'") is defined as 

• for an algebra A, define aS"^^ : A^"^ — ;> End(j4) as 

ad^"^^ (ai (g) • • • (8) am) = ad{ai) o • • • o ad{am) 

Proposition. 

(1) The relation (Y4) for i ^ j is equivalent to the requirement that the following 
holds for any A{vi,V2) G C[[t;i,t;2]] 

where a = diaij/2. 

(2) The relation (Y4) fori = j is equivalent to the requirement that the following 
holds for any B{vi,V2) G C[[ui,U2]] such that B{vi,V2) = B{v2,vi) 

^^(2))K^(i) - ^ti2) ^ '^^^Ho ® 4o) = (2-3) 

where n : Yji{q)'^'^ — >• Yfi{Q) is the multiplication. 

(3) The relation (Y6) fori ^ j is equivalent to the requirement that the following 
holds for any A{vi, . . . ,Vm) G C[vi, . . . ,Vm]^"^ 



where m = 1 — aij. 
Proof. (1) The relation (Y4) 

may be rewritten as 

at^af^ (at - af T ah) x%x% = af^af^ [af - af ± ah) xf.x^ 
(2) If i = j, a = di and the above reads 



^ {""tilfm (^^(1) - ^^^(2) T 4,0 ' 
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which is equivalent to 

{{''t{ift{2) + '^tiifm) (^t(i) - ^t(2) ^ ^»^) ^to ^ 4,0) = 

(3) is just the reformulation of (Y6). □ 

Corollary. // (I2.3P holds for some B G C[[wi,U2]], then B(vi,V2) = B{v2,vi). 

Proof. By (2) of Proposition \T8[ we may assume that B{vi,V2) = —B{v2,vi) and 
therefore that B = [vi — V2)B where B is symmetric in vi 0^2. Using the grading 
on 1^,(0), we may further assume that B is proportional to v^v^ + v\v2 for some 
r > s € N. An application of (Y4) yields 



If r > s + 2, the above is not zero by the PBW Theorem 12.51 and 5 = 0. If 
r = s + 1, a further application of (Y4) shows that the second of the above two 
parenthesized summands is zero and again i? = by Theorem 12.51 Finally, if r = s, 
(Y4) implies that the two parenthesized summands are opposites of each other and 
again 5 = 0. □ 

2.9. An alternative system of generators for Y^. The following system of 
generators of was introduced in For any i G I, define the formal power 

series 

by 

ti{u) = log(ei(n)) = log I 1 + hY^ii^.u-^-^ I (2.4) 

Since (j2.4|) can be inverted, {tj,r}'tGi,r6N is another system of generators of Y^ which 
are homogeneous with deg(tj_r) = f. Moreover, ti^ = ^j^o and = ^i,r mod h for 
any r > 1 since 

ti{u) = h'Y^^i^j.u~'^~^ mod h? 

r>0 

In order to compute the commutation relations between ti^r and x^^, we introduce 



the following formal power series (inverse Borel transform of ti{u)) 

V 

r\ 



Bi{v) = B{ti{u)) = hY^hr^ G Y^M] (2.5) 

r>0 

Lemma. For any we have 



±— e J xf^ 
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Proof. To simplify notation set a = ^hdiaij /2, so that = qf"'''^. By LemmslST 

u — af + a 



so that 



Using 



Uu)x%uur' = — I — 

u — aj — a ■'' 



u — af + a 



Uu),xf] = log ^ xf 



5 (log(l - pn"^)) = (2.6) 



this yields 

{Blv),x%\ = B (log (l - {af - a)u-^) - log (l - [af + a)u 

I 71 1! I ^'^ 



= e J X ■ 

V ^' 

as claimed. □ 

Remark. In order to use Lemma 12.91 to compute the commutators [ti^r,xf^], one 
needs to expand the right-hand side as power series in v. This yields following 
explicit expression 



[f-i.r, -f-j^sJ — =cUjUjj ^ V 2/ / 2/ + 1 j,r+s-2l 



\ 21 I 9/ -H 

1=0 



These commutation relations were obtained in this form in |141 Lemma 1.4]. 

2.10. The operators A^(v). We introduce operators A^^ G End (y*^) which straighten 
monomials of the form x- ^ ^, C G y°, into elements of . y±_ 

Proposition. There are operators {A^^jigi^sgN on such that the following holds 

(1) For any ^ G , the elements A^^(^) G Y^ are uniquely determined by the 
requirement that, for any m G N, 



x^ 



.^ = Y.>^U^Hm+s (2-7) 

s>0 

(2) For any G Y°, 



k+l=s 

(3) The operator Xi-s : Y^ ^ Y^ is homogeneous of degree —s. 



12 S. GAUTAM AND V. TOLEDANO LAREDO 

(4) Let Xf{v) : Y° Y°[v] be given by 

s>0 

and extend the N-grading on Y'^ to Y'^[v] by deg(f) = 1. Then Xf{v) is an 
algebra homomorphism of degree 0. 

(5) Xllivi) and Xl^{v2) commute for any ii,i2 G I and ei,e2 € {±1}- 

(6) For any i £ I, 

Xt{v)Xr{v) = ld = Xr{v)Xt{v) 

(7) For any i,j G I, 

aijV2 -aijV2 

Xfivi) iB,{v2)) = B,{V2) T ^ ^ e^'"" 

(8) For any i £l and r G N, 

Xfiv){ti,r) = ti^r =F diOijV^ mod h 

Proof. (1)-(2) by Lemma 12.71 (12. 7p holds when ^ is one of the generators S^j^r of 
y°. Since ([221) holds for ^i] if it holds for ^, e y°, with Xi-siCv) given by ([SSD, the 
Xi-s can be defined as operators on Y^. The fact they are uniquely characterised by 
dillD and satisfy (US]) follows from Corollary [231 

(3) the linear independence of the elements on the right-hand side of ()2.7p implies 
that deg(Ai;s(0) = deg(^) — s for any homogeneous ^ G Y^. (4) is a rephrasing of 
(2) and (3). (5) and (6) follow from (7) since the elements {ti,n} generate Y^. (7) 
follows from Lemma 12.91 (8) is a direct consequence of (7). □ 

Remark. The first assertion of the proposition above can be rephrased as: 

3. Construction of homomorphisms 

Let YfiQ be the completion of ^^(fl) with respect to its N-grading. In this section, 
we define an assignment 

^ '■ {Hi,r, Fi^r, Fi^r}ieI,reZ > YfiQ 

and find necessary and sufficient conditions for # to extend to an algebra homomor- 
phism Un{LQ) y^B- 

3.1. Definition of Define 
and, for r G 

^{H,,r) - _ 1 - 1 2^ ti,kj^ 
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where Bi(v) is the formal power series ()2.5p . The above assignment extends to an 
algebra homomorphism — )■ which will be denoted by 
Let now {s'j^^jiei.meN be elements of and define further 

^(^*,0) = 9t,m4,m 
m.>0 

m.>0 

In terms of the shift operators af, the above is equal to 

^{Ei,,)=gf{at)xl, (3.1) 
$(Fi,o)=5rK"Ko (3-2) 

where 

m.>0 

with the completion of Y^[v\ taken with respect to the N-grading which extends 
that on Y^ by deg('y) = 1. 

If $ : Un.{LQ) — )• Yfi{g) is an algebra homomorphism of the above form, we shall 
say that it is of of geometric type. 

3.2. The following result shows that the requirement that $ extends to an algebra 
homomorphism determines its value on generators Ei^k^Fi,k- 

Proposition. The assignment $ is compatible with relations (QL2)-(QL3) if, and 
only if 

^{E,^u) = e^"^gt{cyt)4,, (3.3) 
HFi,k) = e^''^g~{ar)xl, (3.4) 

Proof. We only consider the case of the E' s. Let i,j G I and k eZ. By (Y2), 

mH,,o),HE,,,)] = [d-%o,e'''tg+{a+)x+,] 

= e'''tg+{a+)[di'Ci,o,x+,] 
= Oij^iEj^k) 

so that ^> is compatible with (QL2). Next, if r G Z^, Lemma 12.91 vields 

Qi- Qi J J J. 

Qi Qi ^To-f ko 



r{qi - Qi ) 



^(^i,r+fc) 



and <I> is compatible with (QL3). 
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Conversely, if $ is compatible with (QL3) then <&(£'j^,.) = r/[2r]g. [i^j^^, £"4^0] for 
r 7^ and the computation above shows that this is equal to e"^"^^ ^{Ei o). □ 



Remark. It will sometimes be convenient to write the formulae (|3. 31 )^( 137^ as 

^E.,,) = gl^^ <^ and ^{F,^,) = ^ g^i'^ ^ 
m>0 m>0 

where the elements g^^'^ G are defined by 

m>0 



E±,(fc) m kv ±f \ 
9i,^ ^ = e gfiv) 



3.3. Necessary and sufficient conditions. Let Xf{v) : — )• Y^[v] be the ho- 
momorphism defined in Proposition 12.101 

Theorem. The assignment <I> given in Sections \3.1[\3. 2\ extends to an algebra ho- 
momorphism Uri{LQ) — )• Yfi{Q) if and only if the following conditions hold 

(A) For any i,j G I 

gt{u)Xt{n){gj{v)) = gj {v)Xj (v){gt (u)) 

(B) For any i G I and k & Z 

f i^i,k - (t>i,k 



e'^gt{u)\t{u){gr{u)) 
(C) For any i,j£l and a = diaij/2 



vzkah \ ^ e^ ^uzkah 



9ti-)>^Hu){9f{v)) ( -——r ) = 9f{v)Xf{v){gf{u)) 



u — V ^ ah J ^ ^ * \v — u ^ ah 

Proof. By construction and Proposition 13.21 ^> is compatible with the relations 
(QL1)-(QL3). The result then follows from Lemmas 13.41 and 13.51 below and the 
proof of the q-Seiie relations (Proposition lA.ll in the Appendix). □ 

3.4. 

Lemma. <I> is compatible with the relation (QL5) if, and only if (A) and (B) hold. 
Proof. Compatibihty with (QL5) reads 

^0 ( i'i ,k+l — <Pi,k+l 

for i,j£l and k,l & Z. We begin by computing the left-hand side. By Remark 13.2 



m,n>0 

/ J "i,m, i,s \ yj,n 
m,n,s>0 
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and similarly 



m,n,s>0 

Define Rikfl^L^k,i) ^ yO[[^^y]] by 



m>0 s>0 \n>0 

and 

■m>0 s>0 \n.>0 / 

By relation (Y5) and the PBW Theorem 12.51 ^ is compatible with (QL5) if, and 
only if = L^^'') and, for i = j, 

= f '^i,k+l - <Pi,k+l 



«™l'"=6,m+n V Qi- Qi 



The first equation is clearly equivalent to (A) and the second to (B). □ 
3.5. 

Lemma. $ is compatible with the relation (QL4) if, and only if (C) holds. 
Proof. We prove the claim the £"s only. Compatibility with (QL4) reads 

for any i,j G I and /c, Z G Z. Assume first i j and set a = diaij/2 so that g^'^ = e'^^. 
Since 

the above reduces to 



Using (1) of Proposition 12.81 we get 
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The PBW Theorem 12.51 then shows that the above is equivalent to (C). 
Assume now that i = j, then 



= ^. (e''<(^)e<(^)<7+(<(,))A+(a+,)) (<7+(<(2))) <o ^ <o) 
The compatibihty with (QL4) therefore reduces to 

that is to 

5.+ (<(i))\'"(<(i))(^^.n<(2))) (^'^'■'^^ - e<(^)+'^''"^) x+ ® <o) = 

By (2) of Proposition 12.81 and Corohary 12.81 this equation is equivalent to the re- 
quirement that 



gtiu)Xtin)igtiv)) 



— V — dih^ 

be symmetric under u v, which is precisely condition (C) for i = j. □ 
3.6. For later use, we shall need the following 

Lemma. Let {gf{u)}i(zi C Y^[u] be elements satisfying condition (B) of Theorem 
rOl Then, 

gf{u) = mod Y^lu]^ 

where {df}i£i C satisfy dfd~ = di for each i £ 1. In particular, each gf{u) is 
invertible. 



g — «i,0 _ g- — -Hi.O 

1i - 97^ 



Proof. Condition (B) for /c = yields 

Computing mod h, and a fortiori mod y^[u]_j_, yields 

$° = (^.o) = dr\o 

\ Qi-9i J 

Write gf{u) = pf mod where pf G C[tj^o]jei- Computing mod we 

get 
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where we used (8) of Proposition 12.101 Comparing both sides and using ^j^o = U,o 
yields the claim. □ 



4. Existence of a solution 

In this section, we construct an explicit homomorphism [/fj(Lg) — t- Yii{q) by rely- 
ing on Theorem 13.31 and showing that conditions (A)-(C) have a joint solution. 

Until l4?6l we assume that g = 5(2 so that |I| = 1, Om = 2 and di = 1. To simplify 
notations, we drop the subscript i G I. In particular, the generators of will be 
denoted by {Hr}rez and {Tpr,4'-r}reN and those of by {trjreN and {^rjreN- 

4.1. Universal Drinfeld polynomials. Fix an integer m > 1. Following [17] and 
|22j . consider the rings 

S{m) = C[q^\Af\...,Ai'f- 

R{m) = C[/i,ai,...,aJ®'" 

Define a homomorphism T)^ : — t- S{m) by 

™ -1/1 

V^i^iz)) = n ^"7/' = V\c^{z)) (4.1) 
1=1 

where the first (resp. second) equality is obtained by expanding the middle term in 
powers of and (resp. z). Similarly, define a homomorphism T)^ : — )■ R{m) 

by 

p^(c(.))=n^^i^ (4.2) 

1=1 * 

Remark. The homomorphism (resp. V^) gives the action of 'ip{z),(p{z) (resp. 
^(u)) on the highest weight vector of the indecomposable simple Ufi{L5i2) (resp. 
Yhish)) module with Drinfeld polynomial (1 — Aiz) • • • (1 — Amz) (resp. (u — 
ai) • • • (u - am))- 

4.2. The following result spells out the image of the generators of and Y^ under 
and respectively. 

Proposition. 

(1) The homomorphism T)^ maps Hq to m and, for any r G N*, 

v^{i^r)= {Q-i-')f:A: n 'X-A^' (4.3) 

i=l jf^i * ^ 

m A -1 A 

v^i<p-r) = -{<i-g-')E n A \ (4-4) 

1=1 -I 
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Moreover, for any r £ Z* , 

V^iiq - q-^)Hr) = Yl (4.5) 



i=l 

(2) The homomorphism T)^ maps io m and, for any r G N* 

i=l j^i * 

Moreover, for any r G N, 

r + 1 

i=l 

(3) //-B(t;) G is the series defined by then 

1 _ -hv 

V^{B{v)) = ^ e"^"" (4.8) 

^ i=l 

Proof. (1) The fact that T)^ {Hq) = m follows by evaluating the middle term in 
()4.ip at z = 0. The partial fraction decomposition of this term is readily seen to be 

ft ^^f^ = r E A. fn ^^i;^) 

i=l * i=l * J / * 

The relations (|4.3p - (|4.4p follow by expanding this into positive and negative powers 
of z respectively. Since {tpo) = q"^, we get 

^exp (^{q - q-^) H,z~^^ j = P^(V^o V(^)) = fl 

taking the log of both sides and expanding in powers of yields (j4.5p for r > 0. 
The case r < follows by expanding in powers of z. 

(2) The fact that P^(^o) = ''^ follows by taking the coefficient of in (|4.2p . 
The partial fraction decomposition of T)^ {^(u)) is 



m 



U + h — Oi yr-^ I Yj Qi — aj + h \ 1 



n^^^^=i+^E n 

U — Ui \ , Oi — On I U — Oj 

i=l 1=1 

and (|4.6p follows by taking the coefficient of u~^'~^. Taking the log of both sides of 
(USD yields 

P^(t(u)) = - log (1 - aiu^i) + log (1 - (oi - h)u-^) (4.9) 



and therefore (14. 7p . 

(3) The equation follows by applying ([221) to (g^]). □ 

Corollary. The homomorphism — t- ®„>i R{m) is injective. 
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Proof. This follows from (14. 7p and the fact that the power sums pr = X^j a[ are 
algebraically independent. □ 



4.3. Let R{m) be the completion of R{m) with respect to the N-grading defined 
by deg(^) = deg(aj) = 1. Since the map : — )• R{m) preserves the grading, it 
extends to a homomorphism — )• R{m). 

Corollary. Let ch : S{m) — t- R{m) he the algebra homomorphism defined by 

q ^ i^l'^ and Ai ^ e"^ 
Then the following diagram commutes 

C/0 S{m) 

$0 ch 

JL — - — 

yo *- R(rn) 

where is defined in \3.1[ 

Proof. It suffices to check the commutativity on the generators {Hr}rez of U^. 
The statement now follows from ()4.5p . ()4.8p and the fact that, for r ^ 0, ^^{Hr) = 
B{v)/iq-q-%. □ 



4.4. The functions G(u) and 7(u). Consider the formal power series 



Define 7(7;) as 



Giv) = log ( ^ ] € Q[M] (4.10) 



r>0 



Recall that B{v) = ^X]r>o^^ rT inverse Borel transform of t{u). This allows 

us to write 7(u) more compactly as 

j{v) = -B{-d,)G'{v) (4.11) 

4.5. 

Proposition. The following holds in Y^ for any /c G Z 



^ — = — e exp (71; 

\q-q V 
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Proof. By Corollaries 14.21 and 14.31 it is sufficient to prove that, for any m G N, 

We start by computing the right-hand side. By ()4.11l) and ()4.8p . 

e""' " 1 —Q d,G{v) =Y.G{v- ai) - G{v - ai + H) 

where we used e^^^G{v) = G{v + p), so that 

V (e exp(7(.))j=e _ 

i 

By Proposition 14.21 the substitution = £,n, under T)^ gives 

i 

which in our case implies that 

P^fe^-exp(7(.)) ) = y e^"' TT " . " ~ ^ ^ 



... ai-ttj 



and we are done by (I4.3p - ()4.4p if A; 7^ 0. The lemma below and the fact that 
V^{ijjo) = settles the case fc = 0. □ 

Lemma. The following holds for any m > 1, 

E n 4# - H, 

Proof. Let F(z) = — I I -. — -■ The partial fraction decomposition of F is 

z z — Ai 

Multiplying both sides by z and letting z — )■ 00 we get 

qAi - q-^Aj 



q"^ = q-"^ + (q-q-^)Y^ll 



A-i 

i=l jyti ■' 

as claimed. □ 
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4.6. Existence of a solution. We return now to the case of a semisimple Lie 
algebra q of arbitrary rank. Let G{v) be the formal power series defined in 14.41 and, 
for any z E I define "fiiv) G by 

r>0 

Let gi{v) G Y^[v] be given by 

The following is the main result of this section. 

Theorem. The series gf{v) = gi{v) satisfy the conditions (A)-(C) of Theorem\3. 
and therefore give rise to an algebra homomorphism $ : Uri{LQ) — ?• YfiQ 

4.7. We shall need the following 

Lemma. Let i,j^I and set a = diaij/2. Then 

, f G{v-u + ah)-G{v-u-ah) 
KW igjiv)) = gjiv) exp I ± 

where G{v) is given by ()4.10p . 
Proof. By Proposition 12.101 



^ahv ^—ahv 



\f{u){B,{v)) = Bj{v) T 

Since jj{v) = —Bj{—dy)dvG{v), we get 

ahdv _ —ahdv 

Xf{u)j,{v) = j,{v) ± e--^^dMv) 

= 7j(f ) ± {G{v — u + ah) — G{v — u — ah)) 
The claim follows by exponentiating. □ 

4.8. Proof of condition (A). We need to prove that for every i, j G I we have 

gi{u)Xf{u){gj{v)) = gj{v)Xj {v){gi{u)) 
By Lemma |4.7| this is equivalent to 

G{v — n + ah) — G{v — u — ah) 



gi{u)gj{v)e^p 



9i{u)gj{v)ex.p 



G{u — V — ah) — G{u — V + ah) 



The result now follows since G is an even function. 
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4.9. Proof of condition (B). Lemma 14.71 implies that 



gi{u)Xl {u){gi{u)) = gi{uf exp 



G{dih) - G{-dih) 



h 



-exp (7i(u)) 



where the second equality holds because G is even. We are done by Proposition 14.51 

4.10. Proof of condition (C). Let j G I and set a = diaij/2. We need to prove 
that 

By Lemma [4. 71 and the fact that G is even, we get the following equivalent assertion 



exp {G{v — M ± ah) — G{v — u =f o-K)) 



u — ah V — ah 
Using the definition of G{x), the above equation becomes the equality 



gv±ah — J \y — ah J \u — V ^ ah J V — u=f ah 



5. Uniqueness of homomorphisms of geometric type 

The aim of this section is to prove that homomorphisms of geometric type are 
unique up to conjugation and scaling. 

5.1. Let G be the set of solutions g = {gf{u)}i£i of equations (A)~(C) of Theorem 
13.31 Given a collection r = {rf{u)}i£i of invertible elements of set 

r-g = {rf{u) -gf (n)}iei 

Lemma. Let g € Q. Then, r • g € if and only if the following holds 
(Ao) For any i,j £l, 

rt (u) i'^) i'^ J ='^j'iv) >^jiv){rtiu)) 

(Bo) For any i £ I, 

r+(n)A+H(rr(n)) = 1 = r7 {u)\r {u){rt (u)) 

(Cq ) For any i,j £l, 



r^{n)Xf{u){rf{v)) = rf{v)Xf{v)(r^{u)) 
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Proof. Let h = r • g. The following assertions are straightforward to check 

• h satisfies (A) if and only if r satisfies (Aq). 

• h satisfies (B) if r satisfies (Bq). 

• h satisfies (C) if and only if r satisfies (Cq ). 

There remains to prove that if h lies in Q, then r satisfies (Bq). 

We claim that (Aq) and (Cq) imply that Ci{u) = {u)Xf {u){r^ (u)) lies in 

C[[/i, n]]. Assuming this, write Cj(n) = X]n4"^^"' where Cj-""^ G Then, 

n>0 

where cr? : ^ is the algebra homomorphism defined by o"^(^j,m) = S,j,m+Si - 
Since both h and g satisfy (B) with k = 0, this yields 



= Ci{a^)<^ 



,-1 



An inductive argument using the C[/i]-linear N-grading on Y^ given by deg(^jYm) = 

m and deg(^) = then shows that cf'^ = 1 and cf'^ = for any n > 1, so that r 
satisfies (Bq). 

To prove our claim, set 

c^{u) = rf{u)Xf{u){r-{u)) = rr('u)A-(n)(r+(n)) 

so that r~{u) = Ci{u)X~ {u){rf {u))~^ . By (Aq), the following holds for every 

rtiu)Xtiu) {cjiv)X-iv)irliv)r') = c,(t;)A7(t;)(r+(t;)-i)A- W(r+(.x)) 

Since Xf{u) and commute, we get 

Xtiu)ic,iv)) (rtiu)Xjiv)irliv))) = c^{v)X- {v) (rf {u)Xt {u){r+ {v)) 



Cj{v)X-{v) {T+{v)X+{v){rt{u)) 
{'rt {u)X':r [v){rUv)) 



where the second equality uses (Cq") and the third one A^- {v)X'^{v) = 1. We have 
therefore proved that 

Xf {u){cj{v)) = Cj{v) for every i, j S I 

By definition of the operators A^ , this implies that the coefficients of Cj (v) lie in the 
center of 1^,(0)) which is trivial. □ 
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5.2. The uniqueness of homomorpliisms of geometric type relies on the following 

Proposition. Let {r^ {u)}i,zi C 1 + be a collection of invertible elements 

satisfying condition (Cq) of Lemma \5.1[ Then, there exists an element^ G l + 
such that, for any i £l 

r+(^z)=^A+(n)(0"^ 

Moreover, if C, E is any element such that rf{u) = {u){C,)~'^ then C, = c(K)^ 
for some c{h) € C[[?i]]^. 

The proof of Proposition 15.21 is given in ^5.31 - ^5.91 

5.3. We begin by linearising the problem. Set 

ri{u) = log (ri('u)) e yOH + 
By condition (Cq), the following holds for any i,j G I 

(A+(n) - l)ir,{v)) = iXjiv) - l)(r,(n)) (5.1) 
and we need to show that 

niu) = (A+(n) - l)r? (5.2) 

for some 77 G Y^+- 

5.4. Rank 1 case. We assume first that |/| = 1 and accordingly drop the subscript 
i from our formulae. We shall prove (|5.2p by working with an adapted system of 
generators of Y^. 

Recall that, by Proposition 12.101 

„hv _ „-hv 
(A+('u) - l)B{v) = e"'' 

V 

Define B'{v) = ^'k by equating the coefficients of v in 

fc>0 

B'{ ) ^ Bti \^ ^" t 

n>0 

The elements {t'^jfcgN give another system of generators of Y^ which are homoge- 
neous, with deg(t'^) = k = deg(tfc) for any k gN, and satisfy 

A+(u)(t;)=4 + n'= (5.3) 
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5.5. Since the operator X^{u) : — )■ y'^[M] is homogeneous with respect to the 
N-grading extending that on by deg(M) = 1, it suffices to prove (j5.2p when r(u) 
is homogeneous of degree n € N. Moreover, since A+(w) is C[/i]~linear and the 
formulae ()5.3p do not involve h, we may further assume that the coefficients of r{u) 
lie in the C-subalgebra Y^ C Y^ generated by the {i'^}- 

An element of y^[n]n, has the form 

f(n) = a,t'^u-~M (5.4) 

\^l\<n 

where G ^[t'ol and, for a partition fj, of length I, we define = • • • i^^- The 
proof of the existence of i] G Y^^ such that (A"''(n) — = r(u) proceeds in two 

steps: 

(1) Show that, modulo elements of the form (A^(ii) — l){r]), 

r{u) = a^i'X"l^l (5.5) 

|/i|<n 

where € C do not depend on t^. 

(2) Show that any r{u) of the form ()5.5p is equal to (A^(n) — !)(/?) for some 

5.6. Proof of ([T]). For f{u) G y^„, of the form (15. 4p . choose G C[fg] for every 
1/ h n such that 

+ 1) - 6^(t'o) = a^(t'o) 

Then 

r-(^) - (A+(^) - 1) (5^6.4) = E 

for some a'^ G C![tQ], so that we may assume that r(u) is of the form (15. 4p with 
= for any /x h n. 
Write now 

(A+(7;) - l)r(u) 



^ (a^(to + 1) - o^(to))t>"-l''l+ «m(*o+1) 5^c(i/,Ai)t', 

ImI<" ImI<" 



where c(z/, /i) is the number of ways of obtaining u by removing rows from /i. By 
()5.ip . the above expression is symmetric in u and v. Its value at n = 0, which is 0, 
must therefore equal its value at w = 0, thus leading to 

\^l\<n 

which implies that G C for any /x. 
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5.7. Proof of ([2]). Let f{u) be of the form (15. 5p . For any < I < n, write 

|/i|<n 

so that f(u) = We proceed by induction on the largest positive integer k 

such that fk{u) 7^ 0. If /c = 0, then f(tt) = ctt" = (A+(n) - l)ict'J. 

Assume now that A; > and let D{u) : — t- be the differential operator 

D{u) = J2m>i ^'"^C' Since {X^{u) — l){t'j^) = vf' we get, for any partition /u 

{X^{u) — = D{u){t'^) + terms of smaller length 

Thus, (jS.ip implies that 

D{u)fk{v) = D{v)fk{u) 

This cross-derivative condition implies the existence of i] G such that rfc(n) = 
D{u)r]. This implies that f{u) — (A"'"(ti) — l){r]) has smaller /c. 

This completes the proof of the existence part of Proposition 15.21 when 5 is of 
rank 1. 



5.8. Arbitrary rank. The argument for arbitrary g rests on the following 

Lemma. There exist generators {wi^r}iei,reN of which are homogeneous, with 
deg{wi^r) = T (^nd such that 

Xf{u)wj^r = ^j,r i ^ijU^ 

Proof. By Proposition 12.101 the generating series Bj{y) = hY^^-^^^tj^rV^ /r\ satisfy 

{\f{u) - l)h-^Bj{v) = TQij{v)e'''' 

where Qij{v) = 2sm\i{hdiaijv/2)/hv. Since Qij = diOij mod h, the matrix Q = 
(Qij) is invertible. Set B'^iv) = -^-^ Ej Q^^Bj{v). Then (Af(n) - l)B'-{v) = 
^SijC^"" which, in terms of the expansion B'-{v) = ^^Wi^^.v'' jrX yields the required 
transformation property. 

Since deg(f) = 1, the homogeneity of the ■Wi.r is equivalent to Ad(C)(-Bj'(t')) = 
B\{C^v) where Ad(C) denotes the action of C G on Yfi(0)[[w]] corresponding to 
the N-grading. This in turn follows from the fact that Ad(C)(^~^i?j(f )) = Bj(C^v) 
and Ad(C)Q(f) = QiC^^v). □ 

Using the generators Wi^r^ the proof of the existence part of Proposition 15.21 in 
higher rank follows the same argument as the one used for proving the sufficiency 
of cross derivative condition (here the existence of a primitive for any z S I is 
guaranteed by the rank 1 case). 
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5.9. Uniqueness of ^. Let C ^ be an element such that rf{u) = C,-Xl {u){C,) ^ 
for each i G I. Then 

A+(n)(Cr') = A+(n)(C)A+(n)(0-^ 
= rt{u)-\rt{u)C' 

By Proposition [230] (6), we get that Xf{u){CC'~^) = C^~^ for each i £ I. By 
definition of the operators Xf{u), this imphes that the coefficients of CC^^ lie in the 
center of Y;i{Q), which is trivial. This completes the proof of the last assertion of 
Proposition 15.21 



5.10. Torus action. The adjoint action of f) on Yfi{Q) exponentiates to one of the 
algebraic torus H = l{omz{Q,C^) where Q C f}* is the root lattice. This action 
preserves homomorphisms of geometric type and acts on the corresponding formal 
power series by C ■ {dti''^)} ~ iCtdti'^)} where H 3 ( ^ d = is the ith 
coordinate function on H. 

5.11. Uniqueness of homomorphisms of geometric type. 

Theorem. Let <I>,<I>' : Uii{Lq) — )• ^^(g) be two homomorphisms of geometric type. 
Then, there exists Q £ H and ^ E such that 

^' = Ad(C) o (C • $) 
Moreover, Q is unique and ^ is unique up to multiplication by c £ C[[^]]^. 

Proof. Let {gf{u)}, {hf{u)} C be elements of G corresponding to <I> and <&' 

respectively. By Lemma [5TT| the elements rfiu) = hf{u) ■ gf{u)~^ satisy conditions 
(Ao)-(Cq ). By Lemma 13.6^ we may use the action of H to assume that gf{u) = 

hf{u) mod y^[n]^. By Proposition 15.21 we may find an element ^ E 1 + Y^^ such 
that rf{u) = ^ ■ \f {u){^~^). It follows that for any i E I 

= rtiat)gt{<rt)4,o 



.0 )x 



i,0 



Moreover, for any r £ Ij, 

By (-Bo)) f^i'u) = A~(tf)(rj^(n)~^) = CA~(ii)(^~^) and it follows similarly that 
^'{Fi^r) = i^{Fi^r)i~^ for any i E I and r E Z. Since ^> and coincide on and 
Ad(^)(r/) = 7] for any 77 E it follows that $' = Ad(^) o $. The last assertion of 
Proposition 15.21 implies the uniqueness of ^ up to multiplication by an element of 

c[[hr. □ 
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6. Isomorphisms of geometric type 

We prove in this section that any homomorphism of geometric type $ : UniLg) — )• 

Yfi{Q) extends to an isomorphism of completed algebras and induces Drinfeld's de- 
generation of Uri{Lg) to ^^(g). 

6.1. Classical limit. The specialisations of the quantum loop algebra U!i{Lq) and 
Yangian 1^(0) at ?i = are the enveloping algebras U{q[z, z~^]) and U{q[s]) respec- 
tively. Specifically, if {cj, /j, /ijjjgi are the generators of q given in Section [27H the 
assignments 

ei^z^^Ei^k, h^z^^Fi^k, hi^z^'^Hi^r 

and 



extend respectively to isomorphisms 



U{q[z, z~']) ^ Un{LQ)/hUr,{Lg) and U{q[s]) ^ Yn{g) / hYr,{g) 

Proposition. Let ^ : Un{LQ) — )• Yti{Q) he the homomorphism given by Theorem \4-6[ 
Then, the specialisation of ^ at h = is the homomorphism 

exp* : U{q[z,z-']) [/(g[H]) C f7(JR) 
given on g[z, z^^] by exp*(X ^ z'') = X e'^^ . 
Proof. Since (l>{Hifi) = d^^ti^ and, for r > 1, 



^« k>0 



setting h = yields ^Ifi^Q {hi z^) = hi® s^, and 



di^ ' ' k\ 

' fc>0 



— hi ® e""^ 



Further, since gf{u) = mod h by (I4.12p . we get 



$U_n fe,; ® z'') = ^e'"'"' ^/diei ® s° = ^ ei ® = a e'''' 



fc>o ^■ 

where we used the fact that, in the classical limit, the operator corresponds to 
multiplication by s. Similarly, ^|;;_o (/« ® z"^) = ft® e^^- D 
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6.2. Let J C UyiLq be the kernel of the composition 

C/fiLg t/(i0) f/g 

and let 

fT^^) =limC/;,,(L0)/J" 
be the completion of Uri{LQ) with respect to the ideal J'. 

Theorem. Let ^ : Uh^Lq) — )• l^g 6e a homomorphism of geometric type. Then, 

(1) $ ma]5s J to the ideal Yn{Q)_^ = lln>i ^n(0)n- 

(2) The corresponding homomorphism 

is an isomorphism. 

Proof. (1) Note first that J is generated by hUfi{Lg) and the elements {Hi^r — 
Hi^s,Ei^r - Ei^s,Fi,r - Fi^s]i&i,r,s& since its image in U{q[z,z~'^]) is generated by 
the classes of these elements. Note next that, for r, s / 

h sr-^ r^ — s^ 

while 

h -sr^ r^ f ^ j-iA 

which lies in nn>i Yh{Q)n since h/ {qi — q^^) = d~^ mod K. Finally, for r,s ^'L, 

and similarly ^{Fi^r — Fi^g) G J ■ 

(2) By Theorem 15. m it suffices to prove this for the explicit homomorphism given 
by Theorem 14.61 The result then follows Proposition 16.31 below and the fact that, by 
Proposition 16. H the specialisation of $ at /i = is an isomorphism C/(g[2;, — t- 



6.3. Let J C U{q[z,z ^]) be the kernel of evaluation at z = 1 and U{Lq) the 
completion of U {Lq) with respect to J. 

Proposition. 

(1) Un.{LQ) is aflat deformation of U {q[z , z~^) . 

(2) y/j(g) is aflat deformation ofU{Q[s]) overC[[h]]. 



30 



S. GAUTAM AND V. TOLEDANO LAREDO 



Proof. (1) Set for brevity = UniLg) and U = U{q[z, z'^]). By ^ Prop XVI.2.4], 
it suffices to prove that U is a separated, complete and torsion-free C[[^]]-module. 
To show that it is separated, note that h ^ J , so that h^lA C \min>k I and 

n = 

fc>0 

To show completeness, note that 



U/h^U = lim {U/J'')/{h''U/h''U n J") = lim 

n n 

from which it reasily follows that the map 

is surjective. Finally, to prove that U is torsion-free, note that the kernel of mul- 
tiphcation by h on U/J'' is h-\hU n J")IT\ We claim that UA r\ = KT'-^ . 
Assuming this for now yields that the kernel oihonU is lim„ ^""7^" = {0}- To 
prove the claim, use the flatness of U to identify it with the C[[/i]]-module 
so that J = J ® hU[[h]]. Let ai, . . . , ^ J and write = a° + Mj, where & J 
and Hi S Then 

«!•••«« = Oi«2 ■ ■ ■ o-n mod hj'^~^ = ■ ■ ■ = a^ - ■ ■ mod hj'^~^ 

from which the_claim follows. 

(2) Since Yfi{Q) is the completion of 1^(0) with respect to the ideal Y/i(0)+ of 
elements of positive degree, it follows as in (1) that it is a separated and complete 
C[[^]]-module. The lack of torsion of Ys(0) implies that hYn{Q)nYn{Q)l = hYn{Q)l~^ 

and therefore that Y^^q) is torsion-free. Thus, Yfi^Q) is a flat deformation of 

n(0)/;in(0) ^ YniojJhYniQ) = f7(0M) 
as claimed. □ 

6.4. Drinfeld's degeneration. Consider the descending filtration 

Un{Lg)=j''DjDj^D--- (6.1) 

defined by the powers of J and let gr^([/s(L0)) = 0„>o J''/J''+^ be its associated 
graded. 

Theorem ([SI E]). Let {d^}iei C C be such that dldr = di. Then the fol- 
lowing assignment extends uniquely to an isomorphism of graded algebras Y/i(0) — )■ 
gr^(C/,(L0)) 

Cifi ^ diHifi G Un{LQ)/J 
4,0 ^ d+Etfi G Un{Lg)/J, xT^ ^ dr Fi^o G Un{LQ)/J 



4,1 ^ 4 (Ei^ - Ei^o) G J/J^ xr^ ^ d- {Fi^i - F,,o) G J/ J 



2 
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Remark. The fact that Un^LQ) degenerates to Yri{Q) was stated, without proof, 
in [6l §6]. The formulae above and the proof that they define an isomorphism 
^n(0) = g-^jiUhO) are given in [11] • 

6.5. Relation to Drinfeld's degeneration. By Theorem 16. 2 1 a homomorphism 
of geometric type induces a homomorphism 

gr(cl>) : gr^(C/,(L0)) y,(s) = gr^+ €S) 
Let {gf{v)^ C Y^[v\ be the elements defining By Lemma 13.61 

9f{y) = ^ mody>]^ (6.2) 
for some df £ such that d^d~ = di. 



Proposition. gr(<i>) is the inverse of the degeneration isomorphism i : 
Uri{LQ) given by Theorem \6^. 



Proof. It suffices to verify the claim on the generators {^j^O; 2;fo) ^^filiei of 5^ft(0). 
Now, 

gr($) o ?(ei,o) = gr($)(di//i,o) = ii,o 

Moreover, 

gr(^>) o = dj ^{Eifl) mod ^^(0)+ 

= 9t{'^i)^to mod yfi(0) + 

by ()6.2p . Moreover, 

gr(«>) o ) = (i+ $(^,,1 - Si,o) mod n(0)>2 

= d+(e'^»^-l)5+(a+)x+ modnS)>2 
= ^^ti 

And similarly gr($) o i{x^^) = for r = 0, 1. □ 



7. Geometric solution for gl^ 

In this section, we construct a homomorphism of geometric type for g[,„ and show 
that it intertwines the geometric realisations of the corresponging loop algebra and 
Yangian. 
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7.1. The quantum loop algebra [3]. Throughout this section, we fix n > 2 and 
mostly follow the notation of [23]. Set I = {1, . . . , n — 1} and J = {1, . . . , n}. Then, 
Ur,{Lglj^) is topologically generated over C[[h]] by elements {Ei^r, Fi,r, Dj^r}i£i,jeJ,rez- 
To describe the relations, introduce the formal power series 



reZ reZ 

and 

ef{z) = exp (±^) exp (±iq - q^')Y^,,±sZ^'^ 

The relations are 
(QLl-gl) For any G J and r,s £ Z, 

(QL2-gl) For any i G I and j G J, 

@f{z)Ei{w)ef{zr' = d,^M"''z/w)Ei{w) 

ef{zr^F,iw)efiz) = e,^M"''^/w)Fi{w) 

q"^C - 1 

where c,j = —6ji + (Jii+i, OmiC) = , and the right-hand side is 

expanded in powers of z^^Q 
(QL3-gl) For any i, i' G I, 

Ei{z)E,,{w) = ea^^,{q'-''z/w)Ei,{w)E,{z) 

F,{z)Fi,{w) = 9a^^,{q'-''z/wr^Fi,{w)Fi{z) 

where Ojj/ = 25jj/ — ^ are the entries of the Cartan matrix of s[.„ and the 
equalities are understood as holding after both side have been multiplied by 
the denominator of the function 6„^. 
(QL4-gl) For any i, i' G I, 

{q-q-'miz),FAw)]=5,,6{zM i^^-^^] 

V 0* (^) (^) / 

where 6{Q = X^rez C is the formal delta function. 
(QL5-gl) For any G I such that \i — i'\ = 1, 

E,{zi)Ei{z2)Ei,{w) - {q + q-^)E,{zi)E,,{w)Ei{z2) + 

Ei,{w)Ei{zi)Ei{z2) + {zi o Z2) = 

Fi{zi)F,{z2)Fi,{w) -{q + q-^)Fi{zi)F,,{w)F,{z2) + 

FAW)F,{ZI)F,{Z2) + (21 O 22) = 



^note that the expansions in jz*^ are related by the symmetry 6m{C, ^) = S_m(C)- 
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For any Gl such that \i — i'\ > 2, 

Ei{z)E,,{w) = Ei>{w)E^{z) 
Fi{z)Fi,{w) = Fi,{w)Fi{z) 
We denote by C Uri{LQl^) the commutative subalgebra generated by the elements 

7.2. The Yangian Y;i{qI^). The fonowing definition can be found in |16| §3.1]. 

Yfi{Ql^) is the algebra over C[h] generated by {ei^r, fi,r,(^j,r}i£i,jeJ,reN- In order to 
describe the relations we introduce the following formal power series 

ei{u) = ei^rW^~^ 

r>0 

fi{u) = fi^rU~''~^ 
r>0 

(Yl-gl) For any £ J and r, s G N, 

(Y2-gl) For any j £ 3 and i G I, 

{u - v)[0j{u),ei{v)] = h{6ji - 5j^i+i){ei{u) - ei{v))9j{u) 
{u - v)[ej{u),fi{v)] = h{dji - dj^i+i)ej{u){fi{v) - fi{u)) 
(Y3-gl) For any i G I, 

{u - v)[ei{u),ei{v)] = -h{ei{u) - ei{v)f 
{u-v)[h{u),h{v)] = h{h{u)- h{v)f 
For any z G I \ {n — 1} and r, s G N, 

[/i,r+l; /i+l,s] — [fi,r-,fi+l,s+l] = flfi,rfi+l,s 

(Y4-gl) For any i, i' G I, 

{u - v)[e.{u)JAv)] = - J 

(Y5-gl) For any £l be such that \i — i'\ = 1, 

[^i,ri ) [^i,r2 i ~l~ [^i,r2 ; {^i,ri i (^i' ,sW — 

[/i,ri) [/i,r2) + [/i,r2 5 [fi,ri: fi',s]] — 

For i, i' G I such that |« — i'| > 1, 

[Ci,r)Ci',s] = = [fi,rjfi',s\ 

The Yangian Yri(gL„) is N-graded by deg(ei,r) = deg(/j,,.) = deg(6'j,r) = r and 
deg(;i) = 1. 
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7.3. Shift homomorphisms. Let C y/-i(g[„) be the commutative subalgebra 
generated by the elements {0j,r} and Y^,Y~ C yft(0[„) the subalgebras generated 
by Y^ and the elements {ci^r} (resp. {fi^r}), i € I, r G N. 

For any i S I, define, as in Section 12. 6( a y'^-linear homomorphism af^ of Y^ by 
ei',r — ^ ei',r+5--/ (resp. /j/^^ — ^ fi\r+5f^,)- The definition of relies on the PBW 
theorem for y/j(g[„), which is proved in [18]. 

7.4. Alternative generators for Y^. Define an alternative family of generators 
{dj^r}jGJ,rm of y° by 

dj{u) = h^'^dj^rU~^~^ = ^og{6j{u)) 

r>0 

Set Bj{v) = '^j,r— G ^''[b]]- The following commutation relations are proved 

r>0 ^' 

exactly as their counterparts in Lemma l2.9i 

Lemma. The following holds for any j £ J and i £l, 

[Bj{v),ei^s] = e"'- " ei^s 



1 _ p-cjihv 
[B,{v),f,,s] = e'^^^fi, 

7.5. The operators A['^(v). Similar to the construction of Section 12.101 we have 
the following result. 

: upai UiUI s 

[1) For any ^ G Y^\ 



I l.S 



Proposition. There are operators {X-.^}i^i^s&N on Y^ such that the following holds. 
-0 



s>0 

^ '^^ ]i,T+t 



s>0 

(2) The operator Xf{v) : Y'^ — ?• Y^[v] given by 

seN 

is an algebra homomorphisms of degree with respect to the N -grading on 
Y^[v] extending that on Y^ by deg(t;) = 1. 

(3) The operators Xi{v) and A^/'(f') commute for any i,i' G I and e,e' G {±1}. 
Moreover, 

Xt(,v)Xr{v)=Id 

(4) For any i G I and j G J, 

-Cj,hv2 _ 1 

iXfiv,) - l)Bj{v2) = ± e^^^- (7.1) 

V2 
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7.6. Let {g^{u)}i£i be a collection of elements in yO[n]. Define, as in Section \3.1\ 
an assignment $ : {E'j^r, i^i,r, ^j,r} Yhidin) by 

B(r) 
= ' for r ^ 

<i>(E,,fc) = e'='^>%+(a+)e,,o 
and denote the restriction of ^ to [7° by :[/"—)• 

Theorem. T/ie assignment $ extends to an algebra homomorphism if and only if 
the following conditions hold. 

(A) For any i,i' G I, 

gt{u)Xt{n){gT;{v)) = gT; {v)Xt; {v){gt (u)) 

(B) For any i G I and A; € Z, 

w/iere 

r>0 

and 



Til 



s>0 

(CO) For any i,i' £l such that \i — i'\ > 1, 

gt{u)Xt{u){g^iv)) = ffj (^)A±(^)(ff±(u)) 

(CI) For any i £ I 



5f (n)Af (n)(5f (^)) — = gt{v)XT{v){gt{n)) 



(C2) For any iel\{n- 1}, 
gf{u)Xf{u){gl,{v)) [-^^) = gt,{v)Xt,,iv)igtiu)) [ 



±1 



u — V — h I 

The proof of Theorem 17.61 is given in I7.7H7.11"1 It follows the same lines as that of 
Theorem 13.31 with the exception of the g-Serre relations (QL5-gl) which are proved 
directly. 
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7.7. A proof similar to that of Lemmas 13.41 and 13.51 yields the following 

(1) <I> is compatible with the relation (QL4-gl) if, and only if (A) and (B) hold. 

(2) ^ is compatible with the relation (QL3-gl) if, and only if (C0)-(C2) hold. 

By virtue of condition (CO), ^ is compatible with the the g-Serre relations (QL5- 
gl) whenever |i — i'| > 1. We therefore need only consider the case |^ — = 1. We 
shall in fact restrict to i' = i + 1 since the case i' = i — 1 is dealt with similarly. 

7.8. The essential ingredient is the following analogue of Lemma lA.4[ We leave it 
to the reader to carry out the construction of the auxiliary algebra Y (see § IA.2P , 
the operators aj^(2) and aj/ on Y2a,+a^, i^\AM and the map pw : Y2ai+ai, 

Lemma. The kernel of pa' is the C[h]~linear span of the following elements 

(1) For any A{ui,U2,v) G Y^[ui,U2,v] 

M'^i,ii)^'^i,(2),'^i') ((^j,(2) - '^i')elo^i' ,0 ~ (^i,(2) -^i' - ^)ei,oei',oei,o) 
^(o'j,(i), 0^4^(2), CTj/) ((o'j^(i) - aj')ej,oej',oej,o - (^j,(i) - ^j' - ^)'^i',oelo) 

(2) For any B{ui, U2,v) = B{u2,ui, v) G Y^[ui,U2,v] 

-S(^i,(l))^j,(2)>^i')(^j,(l) ~^i,(2) - ^)elo^i',0 
B{'^i,(l),0'i^[2),'^i'){'^i,il) ~^i,(2) - ^)'^i',6^ifl 

(3) For any B{ui, U2,v) = B{u2,ui, v) G Y^[ui,U2,v] 

^(^j,(i)) o'i,(2), CTj') {ei oei'^o - 2ei,oei',oei,o + ei',oei,o) 

Corollary. The kernel of pu' is stable under the action o/ ^(o'j^(i), aj^(2), o'j'), for 
any A{ui,U2,v) = A{u2,ui,v) G Y^[ui,U2,v]. 

Remark. In the next sections we use the following convention for notational con- 
venience: for each X G l"2ai+aj/ and X = pa'^X), we set 

A{ai^i,ai^2,cri'){X) = Pi^e (A(aj^(i), ^^^(2), CTj')(X)) 

7.9. We shall only prove the g-Serre relations for the case of the i?'s and conse- 
quently drop the superscript +. We need to show that the following holds for any 
/ci, ^2, ^ G Z 

+ $(Sj- 0$(^i,fcJ$(^^,fc2) + ih ^k2)=0 
As in § \A.5\ an application of Corollary 17.81 shows that this reduces to showing that 

$(Si,o)'$(^,-,o) -{q + q-^MEi^oMEj^oMEi^o) + $(^,,o)^(^i,o)' = 
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7.10. With Corollary 17.81 in mind, we seek to factor a common symmetric function 
out of each of the above summands. This is achieved by the following result. 

Lemma. There exists H{ui,U2,v) G y'^[[ni, n2, f]] symmetric inui -H- U2, such that 

^(-Ej,o)^^*(-Ei',o) = -H'(o-j,i,o-j,2,o-i')^o(<^i,i,o-j,2,o"j')ei,oej,oej',o 
(^{Eifi)^{Eii fl)^{Ei^o) = H{ai^i,ai^2,(^i')'Pi{ai^i,ai^2,cri')eifiei'fieifi 

^{Ei'fi)^{Eifi)'^ = i?((Jj,i,o-j,2,o-i')^2(o-i,i,o-i,2,o"i')ei',oei,oei,o 

where Vo,Vi,V2 G C[[ni, ti2, f]] are given in terms of the function 

X y 

by 

Vq = P{ui + h, U2)P{ui - h/2, V + h/2)P{u2 - h/2, V + h/2) 
Vi = P(ui + h, U2)P{ui - h/2, V + h/2)P{u2,v) 

V2 = P{Ul + % U2)Piui,v)P{u2,v) 

Proof. Define Gab{x,y) G Y^[[x,y]] by Xa{x){gb{y)) = gb{y)Gab{x,y). Then, in 
obvious notation, 

^{Ea,o)^{Ebfi)^{Ec,o) = ga{cra)ea,Qgbi(^b)ebflgc{(7b)ec,o 

= ga{(ya)K{(ya){gb{(yb))K{(ya) o \{(yb){9c{(yc))eafiebfiecfi 

= ga{iy a)gb{<yb)gc{<yb)G ab{<y a, CFb)Gac{iy a, CF c)Xa{(y a){Gbc{(yb, <7c))ea,oefe,oec,0 

We record for later use the symmetry in the interchange a o 6 of the term 

Gac{<ya^<yc)K{<ya){Gbc{<yb,(yc)) = Aa(o-a) ° h{(^b){gci(^c)) / gdcTc) , , 

(7.2) 

= G'fec(o-fe,fTc)Afe((Tfe)(Gac(o-a,<^c)) 

where the second equality follows from the commutativity of Aa((Ta) and \\){a}^. 
Set now F = 5i('7i,i)5'i(o"i,2)5j'(^j') ^ Y [[cT.t,i, cjj,2, o-^']]®^- Then, the above yields 

^{Eifl)'^^{Eii^Q) = F Gii{ai^i,ai^2)Giii{ai^i,ai>)Xi{ai^i){Gii>{ai^2, O'i'))ei,o6i',o 
$(£'i,o)$(-E'i',o)^(-Ej,o) = FGiii{ai^i,aii)Gii{ai^i,ai^2)Xi{ai^i){Gi>i{aii,ai^2))eiflei>fieifl 

^{Ei'fi)^{Eifi)'^ = FGi'i{ai:,ai^i)Gi>i{ai>,ai^2)Xi'{o'i'){Gii{ai^i,ai^2))ei'fiejQ 

We claim that Gii{ui,U2) = Gii{ui,U2)P{ui + h,U2), where G is symmetric in 
ui,U2- Indeed, by condition (CI) 

Gii{ui,U2)P{ui,U2 + h) = Gii{u2,Ui)P{u2,Ui + h) 

whence the result with Gii{ui,U2) = Gii{ui,U2)/ P{ui + h,U2). It follows that 
^{Eiflf^{E,,fl) = H{ai,i,ai^2,(Ti')P{(7i,i+h,ai^2)eloei>^o 

where 

H{ui,U2,v) = F{ui,U2,v)Gii{ui,U2)Gii>{ui,v)Xi{ui){Gii>{u2,v)) G y°[[ni,U2,f]] 
is symmetric in Ui,U2 by (|7.2p . 
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Next, assuming that i' = i + 1, condition (C2) yields 

(u, v)P{u, v) = Gi^iv, u)P{u - h/2, V + h/2) 

so that 

^{cri,i,cri2,cri')P[cri,i + 'i,ai2)-^, ttt^ -^jTz^eioei/oeio 

P[(^i,2 - "/^, fj' +ri/2) 

Finally, using (j7.2p again, with a = i,b = i',c = i and the previous calculation 
yields 

P((Ti,i - ft/2, (jj/ + ft/2) P((Ji,2 - ri/2, Gil + ft/2) 
as claimed. □ 

7.11. By Lemma 17.101 and Corollary 17.81 we are reduced to proving the following 

5^ = 'Po{ai^i,ai^2,(^i')eloei'fi - {q + 0-4,2, o-j')ei,oej',oei,o 

+ ■P2('7i,i, o-i,2, o'i')ei',oef Q = 

Step 1. We first observe that 

1 + 

P{ui + h, U2) ^ — P{ui,U2) G (til -U2- h)C[[h, lil, n2]]®2 

This allows us to use (2) of Lemma 17.81 to obtain 

5^ = 'Po{(^i,i,(^i,2,<yi')elQeiifi - 2Pj((Ti,i,(Ti,2,o"j/)ei,oei',oei,o + ^2(^i,ii'^i,2;'7j/)ej/_oei,o 
where 

P'q = e^/^P{ui,U2)P{ui - h/2, V + h/2)P(u2 - h/2, v + h/2) 

V[ = P{ui + h, U2)P{ui - h/2, V + h/2)P{u2,v) = Vl 

V'2 = e''/^P{ui,U2)P{ui,v)P{u2,v) 

Step 2. We use next (3) of Lemma [7^81 with B = to get 

S'' = {V'q - 7^2)ef,oei',o - 2(P( - 7^2)ei,oei',oei,o 

One can easily check that V[ — V2 is divisible hy U2 — v — h, which together with 

T)' _ -p' 

(1) of Lemma EH with A = 2 — ^ ^, yields 

U2 — V — h 



S'^=(V'-V'- 2^^^-^(u2 - v)] e? 



Step 3. Finally we can directly verify that the function 
^ = n-P^-2 '^'~'^\ {n2-v) 

U2 — V — h 
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T 

is divisible by u\—U2 — h. Moreover the quotient is symmetric in ui,U2. 

Ui — U2 — n 

This allows us to use (2) of Lemma 17.81 to conclude that S'^ = 0. 



7.12. The variety J". Fix ci G N, let 

J- = jo = ^ C . . . C K = C^^l 

denote the variety of n-step flags in and T*T its cotangent bundle. We describe 
below the GLd{C) x C^-equivariant i^-theory and Borel-Moore homology of T*J^ 
following [inillS]. 

The connected components of are parametrised by the set V of partitions of 
[i-,d] into n intervals, i.e., 

V = {d = {0 = do < di < ■■■ <dn = d)} 

where d & V labels the component J^d consisting of flags such that dim Vk = dk- 
The symmetric group 6^ acts on the rings 

R = C[h,xi, ■■■ ,Xd] 

by permuting the variables Xi, . . . , and xi, . . . , respectively. For any d £ V, 
denote by 

e(d) = &d,-do X • • • X C 6d 

the subgroup preserving the corresponding partition. Then, the following holds 

^GLd(C)xC^ (T* J") = S'®^'*) 

dev 

jjGLa{C)xCx {rp*j:^ ^ ^6(d) 

where K^'^ {pt) = Clq,q~^] and H^"" (pt) = C[?i]. 

7.13. For any partition d £ V and i G I, set 

df = (0 = do < • • • < di^i <di±l< di+i <■■■ <dn = d) 

if the right-hand side makes sense as a partition. 

If d, d' G V are two partitions, and P is one of the rings R, S, we denote by 
a{d,d') the symmetrisation operator 

a(d,d'):P®(^)^®('*')^P®(^'\ a(d,d')(p)= 

Te6{d)/6(d)n6(d') 



dj-l _1 



40 S. GAUTAM AND V. TOLEDANO LAREDO 

7.14. J7fj(L0[„)— action [TOlEH]. Consider the following operators acting on 

(1) For any j G J, ^u{Q^{z)) acts on S^^^^ as multiplication by 
qz - q~^Xk Vt z - Xk 

k=l 

(2) For any i £l, the operators 

act by if ^ and by 

^u{E.{z))p = a{d,dt) lpS{X,^^,/z) n ^^li^^'^ 

otherwise, where /j is the interval [di^i + 1, . . . , dj]. 
The following result is due to Ginzburg and Vasserot and is proved in |23l §2.2] 

Theorem. The assignment ^jj extends to an algebra homomorphism 

7.15. yfj(g[„)— action. Consider the following operators acting on 

R{r) = i?®^'^) 

(1) For any j G J, ^Y{9j{u)) acts on i?®^'^) as multiplication by 

XX It — XX 7/ — o^, — H 



U — Xk U — Xk — h 

K=L k=dj+l 

(2) For any i G I, 

^y(/,(n)):i?e('l)^i?®(^r)[[n-i]] 
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act as zero if ^ "P, and by 



otherwise. 

The following result is proved in a similar way to Theorem 17. 141 

Proposition. The assignment extends to an algebra homomorphism 

M/y :y,(gtJ^Endc[,](i?(P)) 

Remark. The above formulae are degenerations of those of the previous section 
obtained by setting z = e*", g = e*'*/^, = e*^'' and letting t — > 0. 

7.16. 

Lemma. The homomorphism maps the center Z of Yfi(Ql^) surjectively to 
C[/i, xi, . . . , Xrf]'^'*. In particular, there exists an element 



A(n) = l + h'^ArU-''-^ G 2[[u'^] 



r>0 

such that 

^y{a{u)) = n ^"^^^"^ 

Proof. By |16^ Cor. 1.11.8], Z is generated by the coefficients of the element 

qdet{u) = ei{u)e2{u -h)--- 9n{u - (n - 1)^1) G YrMWu^^]] 
It readily follows from 17.15] that 

d 

U- Xk 

kJi u - Xk - (n - l)h 



^Y{qdet{u)) = Yl 



By ([2J]), L{v) = B{log{qdet{u))) G Z[[v]] therefore satisfies 

jL Jxk + in-l)h)v _ XkV . , r-1 

^y{L{v)) = = E [Prii^'' + - 1)^}) - Prii^k})) 

k=l r>l 

which yields the surjectivity since the power sums Pr{xi, . . . , x^) = generate 
C[xi,...,xdf^. □ 
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7.17. We will need the following 

Lemma. For any i S I, there exists Tdf{v) = Ylr>o'^^fr''^^ ^ Y^[v] such that 

V-Xk 1 - 6"''+^^-'^ 



(Td+(t;)) = n T 



V-Xk 1 - 6-"+'"'+^ 
. - e~'"+^'= V — Xk — h 



The proof of this lemma is given in Section 17.201 

7.18. A compatible assignment. Let <^> : {Ei^, Fi^, Dj^r}iGi,j&J,r£N — ^ ^^(fl'n) 
be the assignment defined by 



o) = %,o 



Bj{v) 



q-q 1 



s>0 

where Aq is given by Lemma 17.161 Extend <I> to the generators i^j^rj-^i.r) ?" € ^ by 
defining, as in Section 13. 2( 

Tdf '('■^(t;) = Td=^i^) t;- = Tdf (t;) G y5[M] 

m>0 

and setting 

<^>(i?,.) = 5]e,.Td+;(^) g-^o-^^'O 

s>0 

,{r) Ao+ei+1,0 



s>0 

7.19. Let ii('P) be the completion with respect to the N-grading given by deg(xfc) = 
deg(^) = 1. Define an algebra homomorphism ch : S{V) — t- R{V) mapping each 

56(d) by 

q"^ ^ e^ and Xk ^ e'"' 

Theorem. The assignment $ above intertwines the geometric realisations ofUfi.{LQl^ 
and Yfi{Qln) on SiV) and RiV) respectively. Thus, the following holds for any 
X e UniLQQ andpe S{V). 

c\i{X -p) = ^{X) ■ ch(p) 
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Proof. Consider first the case X = Dj^r, j € J ,r £ Z. By definition of and ^'y , 
Djfi = 2/hlog{Qjfi) and 9jfi act on S^^^^ and R^^^^ respectively as multiplication 
by d — {dj — dj^i). Further, (12.6P yields 



y k=l k=dj+l 

Similarly, taking log in 
yields 



Thus, ch(^{/(L>j,^)p) = {Bj{r)p/{q - q-^)) for any p G S'^^'^l 

We turn next to X = Ei^. Let P € S'®^'^) and set p = ch(7r) G i?®^'^). Since Aq 
acts on R^^^^ as multiplication by —d by Lemma[77T6l and 0j^o acts as multiplication 
by d — {dj — dj-i), we get 



^Ei,Q){p)=Y,e^,s (Td+ q' 

= a(d,d+) |2]Td+ x^^+ipH 



a(d,d+) (Td+(x,.^,)pn "''^'""'^^ ]g'-"'--^ 



a(d,d+) Lj] 



dj-dj-l 



= ch (Sj^o tt) 

The proof for the rest of the generators is identical. □ 

7.20. Proof of Lemma 17.171 Let A(ti) be the formal series given in Lemma 17.161 
and set 

l{u) = hY^irU^'-^ = log(A(tx)) 

r>0 
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For any j E J, define yj{u) G ^"[[it"^]] by 

i-i 

yj{u) = 3(n + (j - l)h) + dj{u) + ^ (dj^siu + sh) - dj^s{u + {s - l)h)) (7.3) 

s=l 

A computation similar to the one given in 17.191 shows that for any j £ J, 
Set no\41 

J(^;) = log {j^) 

and, for any i G I, define 

tdt{v) = By,{-d)J'{v + n) (7.5) 
tdr(t,) = -i?yi+i(-a)J'(^;) (7.6) 

where d = d/dv. We claim that Td^(n) = exp(t(i^(ti)) satisfy the conditions of the 
Lemma. By ()7.4p we have 

(1 - p-^^ \ 
e-^"' dJ{v + h) 

Using formal Taylor expansions, i.e., e~P^f{v) = f{v — p), we get 
^yitdfiv)) = ^ J(y - Xk) - J{v - Xk + h) 

-v+xi^—h^ 



2^ °^ \^ 1 - e-''+=^fc v-Xk + h ) 
log 11 J 



e V — Xk + h 

keii 



The proof for the — case is same. 



7.21. Standard form of We rewrite below the assignment $ in the form in 
which Theorem 17.61 can be applied, and use this to prove that $ extends to an 
algebra homomorphism [/^^(Lgt^) — )• Yji^qI^). 

Lemma. Let yj{v) he given by ()7.3p . and Xf{u) the operators of Proposition [TTS . 
Then, 

(Af (n) - l)By,{v) = ±{6,,, - 5,^i+^f^^e^^ 
The proof of this lemma essentially follows from Proposition 17.51 



^Note the difference between J{v) and the function G{v) used in Section 14.41 for constructing 
the solutions for simple Lie algebras: J{v) = G{v) + |. 
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Corollary. For any i, i' £ I, we have 

Td+('u) " Xr{u){Td+{v)) ~ \l-e-^+^-'' v-u ) 

\fiu){TdT;{v)) _ TdT,{v) _f v-u i-e-"+^+^\^^'^'-^^'^'+^ 
Td-,{u) " Xr{u){i:dir,{v)) ~ \l-e-^+^ v-u-h J 

It follows that 



where 



(7.7) 



5+(^x) = g-^«-''-o-A_Td+(n) 
g7 (u) = g^o+e,+i,„ _A_ Td^ (n) 

7.22. We record the action of the operators A^(w) on gf{v) using Corollary 17.211 

XU-)i9i{v)) = X;{n){g.{v)) = 9i{v) ^^_,,,_^^^,,, (7.9) 

Using the fact that Xf {u)X~ {u) = Id, we get four more equations from these. More- 
over, X'^{u){gf{v)) = gf{v) for i' / and X^{u){g~{v)) = g~ {v) for i' / 

7.23. 

Theorem. The series gf{u) satisfy the conditions (A),(B),(C0)-(C2) of Theorem 



7.6 and therefore give rise to an algebra homomorphism ^ : t/fi,(L0[,„) — )■ Y^i(qI^). 

7.24. Proof of (A). We need to prove that for every € I, we have 

gt{u)Xt{n){gT;{v)) = gT; {v)X^ {v){gt (u)) 

If i 7^ i',i' + 1, both sides are equal to gf {u)g^ (v). For i = i', by (j7.8|) - (j7.9|) . the 
left and right-hand sides are respectively equal to 

y — u qU-h/i _ u — v e"^''/^ — e"~^l'^ 

and 



e" — V — u — h e" — u — v + h 

The case i = i' + 1 follows in the same way. 
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7.25. Proof of (B). Let i G I. By i^M), 

gt{n)Xt{n){g-{u)) = g+ (u)g7 {uf-^f^ 

= qe,+i,o~0^,o — Td+(n) Tdr(n) 
q — q 



1 exp ( + tdj{u) + td- [u) j 



q-q- 
By definition of tdf , 

td+{u) + tdT{u) = -By,+i{-d)J'{u) + Byi{-d)J'{u + h) 
= -B{yi+i{v) - yi{v + J'{u) 

wliere tlie second equality follows from J'{u + K) = e^^J'{u) and the fact that 
eP^Bifiu)) = B{f{u + p)). Next, the definition of yi yields 

yi+i{v) -yi{v + K) = di+i{v) - di{v) 

hence 

tdtiu)+tdr in) = 

r>0 

which implies that 



+ tdt{u) + tdr in) = nY,{-ir' '^\, 



r->0 



and the proof of (B) follows from Proposition 

7.26. Proof of (C0)-(C2). The condition (CO) follows from the fact that (Af (u) - 
l){g^{v)) = if |i — i'\ > 1. Since the proof of (CI) is the same as the one given in 
the verification of (A), we are left with checking (C2). We need to show that, for 
any z G I \ {n — 1}, 

u _ V u-h/2 _ pV+h/2 

gt{u)Xt{u)9t^M—^ = 9li{v)Xt^Mgt{u f J_ 

Hi U LL U I L 

Using (j7.8p - (j7.9p . the left and right-hand sides are respectively equal to 

and 



gji_gV U — V u — V — h 

Appendix A. Proof of the Serre relations 

A.l. Let 3 be a complex, semisimple Lie algebra. The aim of this appendix is to 
prove the following 

Proposition. Let ^ be the assignment {Ei^k^Fi^k^Hi^k} ^hio) given in Sections 
\3.1W3.SX and assume that the relations (A) and (B) of Theorem \3. 3\ hold. Then, $ 
is compatible with the q-Serre relations (QL6). 
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For i ^ j €l, set m = 1 — aij. Define, for any k = {ki, . . . , km) £ and I G Z 



7re6m «=0 



m 
s 



*f (^^,A:.(™_.+1)) • • • HE^,k^,^,) G (A.l) 



and let = 5^?- (0, 0) , explicitly given as follows 



'5^ = E(-i) 



m 
s 



{^{E,,o)r-'^{E,,o){HE,,o)r (A.2) 



Our aim is to show that Sf^{k, I) = 0. Let us outline the the main steps of the proof, 

Sf^{k,l) = to Sf^ 



I] > 

(1) We first reduce the proof of Sfj{k,l) = to 5^^^- = 0. This is achieved in 
Lemma IA.5I 

(2) By a standard argument using the representation theory of ?7fi,s[2, we deduce 
in Lemma [A. 61 that Sf^ acts by zero on any finite-dimensional representation 
ofYniQ). 

(3) Finally, we show that these representations separate points in Yri{Q), and 
hence that 5,?- = 0. §A.8I and IA.9I are devoted to the proof of this fact 
(Corollary IA.9P which was communicated to us by V. G. Drinfeld. 

A.2. The algebra Y. Define an auxiliary algebra Y to be the unital, associative 
C[/i]-algebra generated by {^j Xj^rjigi^reN subject to the following relations 

(1) For every i, j G I and r, s G N 

(2) For every i, j G I and s G N 

(3) For every i, j G I and r, s G I 

We denote hj Y^ C Y the commutative subalgebra generated by {^j ^jjgi^reN 
and by Y''^ the subalgebra of Y generated by {Si,r}iei,reN- The latter is a free 
C[^]-algebra over this set of generators. Moreover, by Corollary [231 ^ — Y^ ^Y^^ . 

A. 3. The operators o'j (fc) and aj. The algebra Y has a grading by the root lattice 
Q given by 

deg(Ci,r) = and deg{xi^r) = Oi 

Fix henceforth i 7^ j G I, set m = 1 — ajj and let Yma^+aj be the homogeneous 
component of Y of degree moj + aj . 
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Define operators aj,ai^(^k) on Yma^+a^ as follows. Since Ymai+a^ = ^°®^mQi+aj 
and is free, we have 



m 



s=0 



where, for a = Y{a) = Y'^^ is spanned by {xa,r}reN- Let Wa denote the C[h]- 
linear map on Y{a) given by aa{xa,r) = Xa,r+i- For any k = 1, . . . ,m, define the 
y°-linear operator (fc) on Yma^+aj by letting it act on the summand Y{i)^"^~^ (X" 
Y{j)0Y^-\i) as 

_ r l®'^-! (g) CTi (g) l^^+i-'^- if A; < m - s 
'^^,{k) - I (g, » 1®™-^ otherwise 

Similarly, let cJj G End^o(yma,+a.) be given by 1'^'^-' (^aj 1®^ on y(i)®™-^ ^ 

y(j) (g) y(i)®^ 

A. 4. The projection py. Let p : y — y;i(g) be the algebra homomorphism ob- 
tained by sending (^^^^ i — > ^a,r and Xa^r ' — > a^^r every a G I and r € N, and let 
Pij be the restriction of p to Ymai+aj- The following holds by Proposition 12.81 

Lemma. The kernel of pij is the C[h]~linear span of the following elements 

(1) For any < s < m — 1 and A{ui, . . . , Um,w) £ Y^[ui, . . . , Um, w] 

(^i,{m-s) - CTj + an)X-^Q XjfiXi^Q j 

where a = diaij/2. 

(2) For any < s < m, k £ {1, . . . , jn — 1} \ {m — s} and ^(ui, . . . , Um, w) S 
Y°[ui,...,u^,w]^''''+^^ 

(3) For every A{ui, . . . ,Um,w) G y°['Ui, . . . ,Um,w]^"' 



^(ai,(i),...,cT,,(„),(T,) {fy^-'^y ( T ) 



—m—s— —s 



,0 ^jfi^ifi 



TrOr 



Corollary. Lei X € Ker(j>jj) and A(ui, . . . ,Um,w) £Y'^[ui, . . . ^Um^w]'^'^ ■ Then, 
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A. 5. Reduction step. Let Sfj{k,l),S^j denote the elements oiYma^+aj defined by 
the same expressions as ()A.ip - ()A.2p . Then, 

S[.{k, l)= \ Yl e'^-fD^^-d) • • • e'=-('")^'.('")e'^^ | S[j 
\7re6m / 

Using Corollary IA.41 we obtain the following 
Lemma. Sfj = implies Sf-{k^ /) = for 

A. 6. By a finite-dimensional representation of y^lfl) we shall mean a finitely- 
generated topologically free C[[/i]] -module endowed with a C[[/i]] -linear action of 

YniQ)- 

Lemma. Let V be a finite-dimensional representation ofYfi{Q). Then, Sfj acts by 
zero on V. 

Proof. Let Ui be the subalgebra of ^^.(g) generated by 

By Lemma 13.41 {Ei^Fi^Hi} satisfy the defining relations of the quantum group 
Uhi^h-, where hi = dih/2. We use the following notation of ^-adjoint operator (see 
[121 §4.18]) which gives a representation of Ui on any algebra containing it 

adqi£^){X) = £,X - KiXK-^Ei 
&dq{Fi){X) = F.XK, - XTiKi 
&dq{ni){X) = [Ui^X] 

where /Cj = q^* = e^^^\ Let p : Yfi{g) End(V) be the representation. Then, 

adq{p{ni))p{£j) = aijp{£j) 

where the first identity follows from Lemma 13.41 Thus, as a ZYj-module, End(V) 
contains the lowest weight vector p{£j) of weight Ojj. By the representation theory 
of Un^5i2, we get 

adM£i)rpi£j) = p{sidq{£ir£j) = 
and the assertion follows from the well-known identity (see [12^ Lemma 4.18]) 

m 

ad,(^,)"^^^. = 

s=0 

□ 



m 
s 



£r'£j£t 
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A. 7. Let Ifi C Yfi^Q) be the ideal defined by 

/,= fl Ker(p) 

(V,P) 

where V runs over aU finite-dimensional graded modules over Y}i{q), that is finitely- 
generated torsion-free C[^]-modules admitting a C[/i]-linear action p : ^^(g) — )■ 
End(V) and a Z-grading compatible with that on Yfi{g). 

Lemma. Ifi = implies Sfj = 0. 

Proof. The action of Y}i,{q) on any finite-dimensional graded module V extends to 
one of Y!i{q) on the completion V of V with respect to its grading. By Lemma \A.6\ 
Sfj acts by on V and therefore so do its homogeneous components € 1^(0), 
n > on V. Thus, Sf-.„ G Iji. for any n and Sf- =0. □ 

A. 8. The following result, and its proof are due to V. Drinfeld [8] 
Proposition. The ideal In C Yfi(Q) is trivial. 

Proof. It suffices to show that / = Ifi/hlji is trivial. Indeed, if Iji = hlfi, then 
h = Hk C rifc h'^Ynis) = 0. By definition of h, h n hYnio) = hYnio) so that / 
embeds into Yfi{Q) / hYfi{Q) = U{q[s\). Since graded representations are stable under 
tensor product, is a Hopf ideal of Y/i(0); that is 

A(/rO c Ynio) h + h ® ^(g) 

It follows that / is a co-Poisson Hopf ideal of ^7(g[s]). By Corollarv IA.9I below, 
any such ideal is either trivial or equal to C/(g[s]). Since ItiIs) possesses non-trivial 
finite-dimensional graded representations, for example the action on C[^] given by 
the counit, In is a proper ideal of Yn{Q) and is therefore equal to zero. □ 



A. 9. Recall that a co-Poisson Hopf algebra ^ is a Hopf algebra together with a 
Poisson cobracket 5 : A ^ A t\ A satisfying the following compatibility condition 
(see [U §6.2] for details): 

5{xy) = 5{x)A{y) + A{x)6{y) 

For a Lie algebra a, there is a one to one correspondence between co-Poisson struc- 
tures on Ua and Lie bialgebra structures on a [H Proposition 6.2.3]. Moreover, 
there is a one to one correspondence between co-Poisson Hopf ideals of Ua and Lie 
bialgebra ideals of a. 

The Lie bialgebra structure on g[s] is given by 

5 : q[s] 5[s]'S)q[s] = (g g)[s,t] 
5{f){s, t) = (ad(/(s)) 1 + 1 » ad(/(t))) (^-^) (A.3) 
where G g (8> g is the Casimir tensor. Note that 5 lowers the degree by 1. 
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Let a C 0[s] be the Lie bialgebra ideal corresponding to co-Poisson Hopf ideal 
/ C U{q[s]). By the discussion given in previous paragraph, 

(5(a) C a«)0[s] +0[s] (g) a (A.4) 

Lemma. Let a C g[s] be an ideal. Then a is of the form a = g (8) gC[s] for some 
polynomial g G C[s]. 

Proof. Let S C C[s] be the set of all polynomials / such that there exists some 
non zero x G g for which x (d) f £ a. We claim that S is an ideal of C[s]. Let f £ S 
and g G C[s]. Let 7^ x € g be such that x Cg) / € a, and choose y € g such that 
[x, y] 7^ 0. Then 

[x, y]'^ fg = [x (S> f,y(S) g] e a 

and hence fg £ S. 

Now for any f £ S, the set {x € g : x (8) / € 0} is an ideal in g, which is non-zero 
and hence equal to g. This proves that a = g (g 5. Since C[s] is a principal ideal 
domain, the lemma is proved. □ 

Corollary. Let a C g[s] be a Lie bialgebra ideal. Then either a = or a = g[s]. 

Proof. Let g e C[s] be such that a = q ^ (g) C g[s]. By ()A.3p . we know that the 
Lie cobracket 6 lowers the degree by 1. Using ()A.4p . we conclude that g is a constant 
polynomial. □ 
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